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Abstract

We discuss a simple rephase-invariant parametrization of the
Kobayashi-Maskawa mixing matrix V. which easily generalizes to
more than three generations and which we believe to be suitable
as a phenomenological standard. Our independent parameters

are the magnitudes |V;,| with i < & and the phases of plaquettes,

arg( Viq Vjﬁ V*iﬁ V*ja ), where j=i+1, B =a+1,and j < B. The

detailed discussion includes consequences of unitarity
constraints, modifications in cases of degenerate quark masses,
and the relation to Jarlskog's invariant functions of mass matrices.

We re-express the CP-violation phenomenology of the K- K and

B- B systems in this rephase-invariant formalism. We exhibit a
4th generation scenario where the top-quark mass need not be
large even in the presence of large B,- T§d mixing.

) Operated by Universities Research Association Inc. under contract with the United
States Department of Energy



[. Intr ign

In the standard model, CP violation is believed to be a consequence of
complex values of elements of the 3x3 Kobayashi-Maskawa matrix! V which
describe the couplings of the weak intermediate bosons W= to quarks. However, the
phases of individual matrix elements of V are not themselves directly observabie,
because of arbitrariness in choice of phases of the quark fields. Therefore there is
strong motivation to find a descriptive structure which is independent of such choices
of phase. This problem has received a great deal of attention, and the 3x3 case is
well-understood.2 We are motivated to address this issue again mainly by curiosity
on how the 3-generation description generalizes to n generations.3 Here the situation

is much less clear.

The description we offer does work in the n x n case, is reasonably simple
and straightforward, and uses as raw material the quantities directly emergent from
phenomenclogy. We believe it to be an especially suitable candidate for
standardization of the phenomenology.

Our main suggestion is to replace the usual description of the
Kobayashi-Maskawa matrix in terms of generalized Euler angles,4 by a description
using moduli of matrix elements and plaquette phases, defined below. The name
"plagquette” is motivated by a rough analogy to gauge theories; the rephasing
transformations play a role analogous to gauge transformations. As the definition
suggests, the plaguette phases are then analogous to the field-strengths of gauge
theories.

In the next section, we present the general description. In Section Ill we
present details of the argument. In Section IV we discuss the cases of 3 and 4
generations. A graphical method used to describe unitarity constraints is discussed in
Section V. Section VI touches on Jarlskog invariants, and parameterizations of mass
degenerate cases are presented in Sect. VII. Rephasing-invariant phenomenology
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occupy Sect. VIII. Sect. IX concludes.

. The General Prescription

We label the n x n Kobayashi-Maskawa matrix Vi, with Latin indices for

Q=2/3 quarks (i=u,c,t,...) and Greek indices for the Q=-1/3 quarks (a¢=d,s,b,...). The
number of independent real parameters characterizing the (unitary) V is n2.  Of
these, n{n-1y/2 are "angle" parameters (this being the number of independent
parameters for n x n real rotations). Of the 2n possible rephasings of the quark fields,
one (a common phase change of all 2n quark fields) leaves V invariant. Hence the
number of independent "phase” variables is
n(n-1) (n-1) (n-2)
- ——— - (2n-1) = (1)
2 2
A typical observable (in particular anything obtainable from

Feynman-diagram calculations) will be a polynomial in V's and V*'s, with the
restriction that in each term of the polynomial there be equal numbers of V's and
V*'s, and that in each term the set of indices { i} in the product of V's be identical to

the set { i} in the V*'s (This must of course also be true for the Greek indices { a }. ).

The simplest observable is the magnitude of each K-M element,

(Viav*ia)”z. The simplest which contains phase information is a product of four
V's: V, VJBV BV']a For the case |i - j| = Ja~B] =1, we call this product a plaquette.

The plaquettes, together with the {V;,|?, will be our basic building blocks. We define
18179 = Vj VllalvlaaIVMa (2)
We furthermore define plaques as
Prr, = Vig Vig V'ig Viia (3)

As we demonstrate later, any observable consisting of a product of V's and
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V*'s can be written as a product of plaquettes, possibly multiplied by a product of
[Vigl. and possibly divided by another product of |Viyl- (We assume, here and in
what follows except Section. VII, that all elements of the K-M matrix are
nonvanishing). ltis therefore natural to associate the magnitudes of the |V, | with
"angle” variables and the phases of the plaquettes (often just the imaginary part

suffices) with the "phase” variables. In particular if we choose the |V | with o >ias

“angle” variables and also the arg IT; , with a > i as the "phase” variables, the
counting comes out correctly: there are n{n-1)/2 independent |V,,|and (n-1) (n-2)/2

arg I, (The topmost row withi =1 is unavailable, and one has

n(n -1) /2 - (n -1} = {n -1){n -2) /2 elements remaining.).

This is our main proposition: use the I_\_l_ia|2 and arg IT;, with o« > i as the

independent set of rephase-invariant variables. We will show later that, given these
parameters, the entire K-M matrix is determined up to the (2n-1) arbitrary
quark-field phases, and up to a finite ambiguity which is no greater than 2N-2.40q,

coming from solving quadratic equations in determining the magnitude of unknown
diagonal V's. In the 3x3 case, this implies that |Vyg|2, [Vpl2, [Vepl@, and arg T,

are the principal parameters. In the standard K-M parameterization, it is the imaginary
part of the plaquette:5

J=ImTly = ImVep Vg Vg Vb = 8425, 83 C4 C, C5 SiNd (4)
which is the familiar and ubiquitous combination present in CP-violation

phenomena. We note that

Im Ty, < | Tl < (.05)x(0.2)x1x(.01) ~ 10~ (5)
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We also note the important result that in the 3x3 case,? all plagues have the

same imaginary part. In fact, foralti=j; o=
Im Vi, VIB V*iB V*]a =constant = +J (6)

This is a consequence of unitarity of the K-M matrix, and is discussed further in Section
IV.

In the 4x4 case, the parameters are supplemented, in an obvious notation,
by 5 new quantities, namely |VuB|2, |VcB|2, ]VtB|2, arg I1.g. and arg Ig. Thus,

were new generations to emerge, the phenomenological structure need not undergo

any major revision. New parameters become introduced and old unitarity
constraints are modified. However the moduli and plaques associated below and on

the diagonal, will be complicated functions® of the above parameters.7
. Details

In order to substantiate the assertions of the previous section, it is necessary

to first show that any (rephase-invariant) observable can be expressed in terms of |V, |
and phases of plaquettes. Secondly, we have to show that given only the \Via|2 and

arg I, with o > i all remaining parameters of the K-M matrix are determined.

To demonstrate these assertions, it is useful to depict the observables,
plaquettes, etc. which are products of V's andV*'s gr.aphically.8 The procedure is
as follows:

i) If Vi, appearsinthe product, place an " 0" in the iat entry of an originally
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empty n x n matrix. If V', appears, place an " x".

ii) Then, from re-phase invariance, each row (or column) must have equal
numbers of "x"and" o™

ili) An"®"in a single given ic location is a factor [Viq2. These can be

inserted or removed at will without changing the phase of the expression.

Now, given an arbitrary product Vi, ... V’iB, which corresponds to a matrix

with "x" and "o" entries, we may systematically eliminate the x's and the o's from

the 1st column in terms of plaquettes, and then continue the procedure column by
column. For examp!e9

[ ] L L .‘| -. [ ] ® .- _. . » O-
X o 0 e X ® 0 o s X 0O e
arg = arg =—arg 1, +arg =
e o X O ® ® X o0 X 0 X 0
\_0 [ ] L) X \_0 * [ ] X J L O [] [} X

=-argIl,,— argll,; + arg =

Lo ¢ e X

=...efC...= — arg I1,, — arg I1,, ~arg I1,,— arg IT,; - arg I1,, (7)

We trust the procedure is clear enough not to require the formal proof here. Therefore
we argue it is possible to express all observables in terms of the magnitudes of K-M
matrix-elements and the phases of plaquettes. What remains to be shown is that the
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limited set { |V, arg IT;, } with o > i suffices as well. We do this in several steps, by

construction:

1) First choose the phases of V4 and Vj,. Since there are 2n-1 such

elements, this exhausts the arbitrariness associated with rephasing of quark fields. (We
shall return later to a suggestion for how this phase choice might most conveniently

be made).
2) Use unitarity to determine [V 4] and [V
Viqf2=1-Z |V1m|2 {8a)
el
Vpal2= 1- Z VP (8b)
i<n
3) At this point all elements in the top row and right-hand column are fully

determined. Thus the phase of V5 1. can be determined from the phase of the

plaquette, I1,, in the upper-right hand corner of the matrix
2n

L] [ ] L L *

L [ ] ® L ] *

4) In the same way, the phases of the remaining Vo, in the second row

with a2 2 may be determined iteratively in terms of plaquette phases e.g.



[ x| x o+ ]
ol o * | *x *
e o o o % (10)
¢ o o 8 ¥

L e o o e % |

Note that the phase of Voo is determined at this stage, but not its magnitude.

5) The same procedure may be followed to determine the phases of all

Vioc witha 2i:

L ] L ] L * *

L] * * [ ] *

b

although it must again be remembered that [V;] is not determined for 1 <i<n.

6) We now use unitarity to obtain the missing parameters in the ond
row. Orthogonality of the first and second rows gives a linear relation between the

(complex) Va4, the real [Voo| and previously determined quantities

n
Va1 Vg +Vpa Vg +  Z Vg Viyg=0 (12)
o=3

Now we may introduce the unitarity-constraint of normalization of the second row:

n
Vo2 + [Voo2 =1-% Vogl? (13)
=3

L
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This is a quadratic equation in the unknown {Vos|. If the off-diagonal elements of the

KM matrix are small (as in the case here), one root is positive (the physically cerrect
solution). The other root will be negative, near -1, and thus physically
unacceptable.10

7 This procedure can be again iterated. In the third row there are two

orthogonality equations which determine the (complex) V44 and Va5 as linear
functions of [Vg3| with coefficients determined in terms of known quantities( up to the
remote possibility of a twofold ambiguity in determining [Voo| ). Normalization of the

third row leads to a quadratic equation for [Va3| with a remotely possible twofold

ambiguity in its solution.

8) When we reach the nt row, the same procedure again may be used

to determine V. However |V4| was already determined in step 2 without

ambiguity. Thus no additional ambiguity is introduced at this stage, and it can be
expected that the overali degree of ambiguity will, if present at all, be reduced. A
highly conservative statement is that there is at most a 2N-2.fold ambiguity in
reconstructing the K-M matrix from the input data. However, as long as the
off-diagonal elements are as small as those seen experimentally, there will in fact be
no ambiguity at ail.

This completes the general argument on reconstruction of all K-M
parameters from the input parameters. In the next section we will explicitly show

how the procedure works for the 3 and 4 generation cases.
IV. Parameterization

A. Three Generations
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The magnitudes of the K-M elements which serve for us as inputs are:11

Vysl =0.220 £.002 (14a)
Vbl <0.011(90% CL) (14b)
Vepl =0.048£.010 (14c)

We suggest that for reconstruction purposes the 5 independent

phase choices be made as follows:

(1) Vudr Yus: Yeb and Vyy are chosen real and positive,

(2) The phase of V*p is chosen equal to the phase of the (only) input

plaquette I1.p,.

arg V*p = arg I, (15)

This implies that Vg is also real and positive. Then we may

proceed to reconstruct the remaining V's.

B. Four Generations

In the case for four generations, we proceed in a similar way. Again it will
be convenient to choose phases such that the phases of plaquettes of interest are
directly related to phases of the K-M matrix elements in the upper right-hand corner;

i.e. Vi p, VB, @nd V.g. We shall choose those such that their neighbors are real
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and positive. Specifically, the proposed generalization of the preceding section is as
follows:

(1) Choose V4 V\;g. Vi, and Vg real and positive.

(2) As before, choose the phase of V*;, equalto the phase of the

plaquette IT.:

arg V,p = -arg Hep {16)

(3) Inthe same way choose the phase of V*,g equal to the phase of the

plaguette ILq:

arg Vg = -arg Iig (17)

(4) Finally choose the phase of V,g so0 that V., remains real and positive.

This is accomplished by the choice:

arg Vg =arg Vyp +arg Vog - arg [ g

=-arg I, - arg Iz - arg 1. (18)

(5) From these definitions, it follows that, as in the 3x3 case, Vg, Vop, and

Vi remain real and positive. The situation is shown schematically as
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~ -

R R * =
* (R) (R) =
VvV = (19)
e o (R) R
L o o o R |

where R denctes real-and-positive by definition, * denotes complex,
and (R) denotes real-and-positive as a consequence of the phase
choices made for the starred elements.

It is clear there is a useful generalization here: forthe 2n-1 phase
choices, take the Vjj and Vi, 1 ; to be real and positive. This puts the
number of remaining phases for elements above the diagonal equal
to the number of independent plaquette phases. The analysis of
Section Il remains valid with this convention. Indeed, we believe that
if one insists on a standard phase convention, this one might be
useful for phenomenology, since its connection to the
rephase-invariant plaguettes is manifest.

V. Modificati {0 the Relati =+ Im 1 in F G i

We show some simple diagrammatics based on unitarity to prove the well

known result Im IT =% J (€q.6) in the three generation case;® and then extend the

diagrammatics to any number of generations. Define Im IT_= J, then unitarity of KM
matrix gives :

Vi Vg # Vi Vo #Vi3V,g =0 (20)

One can write equivalently
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Multiplying by V12* Vs we obtain

0 X e e XD o e X D0
X 0 e + e X o + * 0 X =0(22)
L ] L ] L J L ] L ] L [ ] L ) *

Taking the imaginary part removes the second term and we get

In this fashion one easily sees that in three generations only one CP-sensitive

parameter exists; ImI1==%J.

The generalization to 4x4 matrices or higher creates a very large number of
such relations. ltis interesting to see how far one can go with these. Already for

four generations, the large number of linear unitarity constraints which one can write

down contain many which are linearly dependent. After detailed examination, it

turns out that the nine Im IT; , for plaquettes can be expressed linearly in terms of

nine other quantities which are the imaginary parts of big-plaques. By a big-plague
we mean a quantity

big-plaque = Vjq VJB V*iB V'ja (24)

with [i-j| =2 and [o~B| 22

There are four 2x2 big-plaques, four 3x2 big-plagues and one 3x3
big-plaque. This re-expression of plaquettes can be useful because, under the
assumption that |V| decreases the farther it is from the diagonal, one relates phases
of plaquettes on the diagonal to phases of elements, the moduli of which are small.

Note that there is only one big-plaque which can reside in the 3 generation submatrix.
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By repeated use of the unitarity condition, 12

[0 o x o] [0 e o x| o o x o] [o e o x]
L J ] L ] L ] & L ] L ® - - * L ] L J L ] L ] [ ]
Im IT,, = 1m { + + + }
X . o] ® X [ L] 0 ® L] . L . * ® .
\_o e o o | | & & & | | X e 0 o] | X e o (]
-o 0 L] xq ”o 0O e x-
L ] L ] [ ] [ ] L ] [ ] ] ®
ImIlyy= ImIL, + Im{ + }
. X e 0 s e & @
Le e o e | |® x & (|
(¢ o ® OW (¢ o o .
(o) . X L) (o] . L X
ImIly,= ImIL, + Im{ + }
] ® L J L J [ ] L] [ ] [ ]
LX ® 0 L L X L e 0O

Im Iy = Im [T, +1Im ITyy ~ Im I1y + Im { } (25)

In the limit of a trivial fourth-generation contribution (i.e no off-diagonal
elements of V4 Or V4, this reduces immediately to the 3-generation case. To make

good use of these relations, however, appears to require some knowledge of the
fourth-generation K-M matrix elements. One can say that sufficient conditions for the

3-generation relations to survive are that [V ,gl, Vel [V1gl: and [V1g| all be small

compared to 1 0-2.
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V. Jarlskog invariants

Jariskog, in an interesting paper,13 pointed out that all physical quantities
must be independent of an arbitrary unitary transformation affecting simultaneously the
up and down guark mass matrices, denoted respectively m and m'. One diagonalizes
the "square" of the mass-matrices via:13:14

U (mmtyut =D2 (26a)

U (m' mt) Ut=D?2 {26b )
where U and U’ are unitary matrices. The KM matrix is defined as:

vV =Uu+* (27)

There are n2+1 physical measurables, 2n- quark masses and (n-1)2 physical
parameters of the mixing matrix. Jarlskog pointed out that physics does not change
under the transformation

mmt— XmmtX* ( 28a )
mm't - Xm'm* Xt (28b)
where X is an arbitrary unitary matrix. Under such a transtormation, €q.28, the

mass-eigenvalues of the up and down quarks and even the mixing matrix

VoV (29)
stay invariant. As is well known not all the mixing matrix elements are physical
quantities. The transformation discussed in previous Sections which leaves physics
invariant, but changes the phases of KM elements is:

U->TU (30a)
U -8ty (30b)
where T, B are arbitrary diagonal unitary matrices

V-TVB. (31)

It appears that Jarlskog's approach includes all the physics, since one can
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not only express any |V|

[ Vig 2 = tr { vi(S) vig(S") }/ (detv detv') (32a)

but also any plaque as an invariant function of mass matrices, €q.28. In particular

"L, = Vi, Vkg Vip Vka = Vi Vka VKB Vip =Vie V¥ak Vip V¥pi=

=tr{EjVEL V*ExV EB V) =tr{ vi(S) via(S') vi(S) vip(S') } / (det v det v 12 (32b)

here S=m m*, S'=m'm'*; E; and E are the elementary matrices; v;(S) and v(S")

are the Vandermonde-type matrices for the up and down sectors respectively (consult
ref.13 for details19).

It appears that invariance under €q.28 can be likened to redefinition of fields
and not to an underlying internal symmetry. A lucid example is the case of multiple

scalar fields ¢t= ( ¢1 oo 1) with a¢4 interaction. The [agrangian density reads:

L= 1/2 { 3¢ 3,0 - ot m2 o+ A(¢% )2 } (33)
The mass matrix can be diagonalized by a unitary transformaticn U, i.e.
U+*m2 U =D2 (34)

Then under the redefinition of fields

o—->U ¢ (33)
we will have a diagonalized lagrangian. Obtaining the "same physics" does not
require identical actions S= [d*x L, but rather "same physics" falls into equivalence

classes, definable by all lagrangians having identical m?2 eigenvalues ( not necessarily
equal m2 matrices ).



- 17 -
VIl. Degenerate masses
A. Mass degeneracies

It is interesting to consider cases of d-fold degeneracies1 6 in the up or down
quark masses. The parameter counting goes as follows: One begins with n{n-1)/2
angle and (n-1)}{n-2)/2 phase parameters. For each distinguishable d-fold
degeneracy one subtracts by d(d-1)/2 both the angle and phase parameters. If a
negative count of parameters results one takes 0 instead.

For instance, as is well known, in the three generation case existence of one
two-fold degeneracy implies nonexistence of a CP-violating phase. For 4 generations
and two 2-fold degeneracies, there remain 4 angle parameters and 1 phase, and not 5
angles and 0 phases.

Consider a d-fold mass degeneracy, and for concreteness take the first d
up-quarks to be degenerate. Under a d X d unitary reshuffling U of the first d-rows of
the KM matrix physics can not change.

- -

v - v (36)

Call the KM matrix restricted to the first d-rows V. We observe that V* V is invariant

under U-transformations eq.36 ( Trivial for V*V.). The invariants under eq.36 are

d d
( V+V )aﬁ=2 V*ia \7“3= ZV*ia Vi[} (37)
=1 =1

The summation extends only over the degenerate mass rows. Physically
invariant quantities are obtained when we create rephasing invariant combinations in
the down sector of V*V, eq.37. Forinstance:
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d L
a) i_):1viavia

d L 4 w dﬂ
. , . . - iBrT. i
b) §1V|aV|B (V]BVJQ)"Z I for j>d

=1

c) | qu b jaHkB for jk>d

( 38a)

(38b)

(38¢c)

It seems possible to relate any other physical quantity in terms of a)-c). For instance:

d d d d

ZV*ia Vig ZV’iﬁ Vig = T ianiﬂ = Zkfxniﬂ J'ar[rB AL for k,r>d
=1 =1 ,jm1 ij=1 ( 39 )
or.

d d

ZVigVig Vg Vo VkyViy = “Thy Z ®llg /] Vjg 2 for k,j>d
=1 =1 (40)

As a physical parameterization we could choose the angle and phase parameters from
the region bounded above by the dth row and bounded to the right by the diagonal;

(the dth row and the diagonal are not included).
T\ e o o o |
d e \ o o »
« o \ s o

¢ ¢
L 0 ¢

\
¢\

(41)

The angle parameters, denoted by ¢, are taken as the magnitudes of KM

elements in the above region. The phase parameters are taken as the arguments of ail

those plaquettes that involve at least three KM elements from the above region.
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Indeed any plaque with two elements from the first d rows can always be rotated to 0, it
has no physical significance. By a unitary transformation on the first d rows, €q.36, cne
can rotate all the first d rows below the diagonali simultaneously to 0. Therefore no
angle or phase content is neglected in the parametrization, eq.41.

It is straightforward to analyze multiple different degeneracies. For example

look at a 4-generation model where m ;=m. and mg=mg. Then just choose| Vg3 |,

IVayl, | Va3 |, | Vaq | and arg I144 as our parameters. indeed the submatrix
Vag Vg
(42)
Vaz  Va

is not necessarily unitary and contains phase content.

B. Different number of up and down generations

Inspired by Eg models!? we consider the following. If we were to have an
unequal number (n) of "up generations” and (m) of "down generations”, then the mixing
matrix could satisty only one of the two equations:

a VVt=1_ (43a)

b. V¥V =1 (43b)

mxm
Both unitarity conditions cannct be met simultaneously since the combined number of
constraints n2 + m2 exceeds the initial number of real parameters 2nm characterizing

an arbitrary complex n X m V-matrix. {In the square case (n=m}: a< b). To be

definite take n < m; then the number of physical angle parameters is

n[(m-1)+(m-n)]/2 (44a)
and phase parameters is
[ (-2 )}m-1)+n(m-n) ] /2 {( 44b )

we assume a nondegenerate up-mass and down-mass spectrum. A physical
parameterization can proceed as follows: take the region bounded to the left by the
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diagona!, which is not included.

V00 0

n e V0 0 (45)
¢« o \ 0
v

The angle parameters are the magnitudes of the KM elements in the bounded region,
the phases are the arguments of the plaques constructed in that same region.

It is amusing that had we an m X m mixing matrix with n distinguishable up-quark
masses [ a (m-n+1)-degeneracy]; then the surplus of angles and phases in the above
mentioned n X m case differs by (m-n).

VIIi. Rephase-Invarignt Phenomenology

Here we display in rephasing invariant form18 the kaon parameters Am, AT,

g, & and look at the KM constraints from K, — p* p~ and from BO. BO and DO- OO

mixings. In a later study we will include constraints coming from K* - x*v v and from

the electric dipole moment of the neutron.

A. Kaon system
We define the short and long lived species, assuming CPT-invariance, as:
|Kg>=p| K >+q]| K> (46a )
K, >=p|K">-q]| K% (46b )

The parameters p and q are not rephase-invariant. In the absence of CP violation the
ratio p/q is of modulus unity. Define
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: <nrm,l=0|H|K >
el® = — (47)
<nm,l=0jH| K>

The Wu-Yang phase convention, together with CP | K% > = + | K%, implies ®,=0. Here

we leave this phase, eq. 47, arbitrary. From their definitions it is clear that the following

combinations are rephase-invariant
. . <Ko |H|n> <n|H]| K>
oM, =6l X P (48a)
n mk - Ep

eI ,=e® 2r Lp,<KO|H|n> <n|H| KO >3&myg-En) (48b)
n

* * o 172 * o *
iy I i (wgrarg Ty) M* 5/ T o= (i/2) ] _odiag 2{ M* o= (i/2) T |}

(49)

where P stands for principal value and p, is the density of states. It is useful to

recognize that M,, /T, , is rephase-invariant and real in the limit of CP conservation.

We now may express the (rephase-invariant) mass and lifetime difference of the kaons
19
as

Am = -2 Re (M,, ¢l (50a )
12

AT =-2Re (T, €®) (50 )

Rephase-invariant definitions of the CP-violating parameters are

<mm,l=0|H K >

g = {51a)
<nm,l=0|H|Kg>
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and & =(12)ie i) Im (ayay) (510)

Here we have defined

<nw,l|H|K >=2a¢el (52)

It follows that:

~ilm (M12ei‘°0)-1m Ty, el Wp)/2
g = =
AA

~ilm (M,, el %)
= (51a)
AM

Here A=A —Ag = Am —i AI/2 are the eigenvalues of the 2 X 2 mass matrix M-iI'/2.
Egs. 50-51 are all physical quantities and shown in a rephasing invariant way; under
the rephasings

KO > > e® KO > (53a)

| Ko> el 8] KO (53b)

physics does not change.

We remark that in the standard model the =2 amplitude arises orlly20 from
the spectator diagram and hence?]
ap=b Vys Vug, (54a)

b being a real constant. On the other hand
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ao = qz-ulcltr"_ Cq Vqs qu ( 54b )
where cq are coefficients whose short distance contributions have been calculated.22

We therefore obtain

1 1
‘o - i(8,—0 2 _ d
e el o |ayay| Vg P OImE o (gb) Fys  (55)

Utilizing unitarity and assuming (c4/b) to be real we obtain in the four generation case
g

! i(6,—0,) 2 !
g = i @ \927%’ |aj/a,l| { —(Cy-c.)ImIL +
V2 2% | Vys Vud 2 b e =

+(Cr-¢) ImUsTL, } (56)

One sees that €’/ can be positive, negative, or even 0 and that €’/ does not depend on

the long-distance ¢, coefficient, which might harbor the Al=1/2 rule explanation.

To calculate &, one realizes that to a good approximation one can neglect the
phase difference between ag and ap. Then, exploiting the simple relation20 { eq.54a),
we obtain23

2 2

H

: ms my
M129' Wy~ X

udypr. ud —
g Y9re S( YERT (57)

ik=u,ct,...

In the simple limit x; << xi << 1, [ x;= (M My,)® ] we have
S( Xj Xk ) = X; In( x/x)) (S8a)
S{xd=S(xk, Xk ) =Xk (58b)

For arbitrary quark masses exact expressions could be used.24 ¢ follows as23
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=
£~ b2 S( x;, xc ) Im { 49, udry 3 (59
AN |V Vg2 R=webe k is ks

The K -Kg mass difference is believed to arise mainly from long distance

effects KO & 21> KO. However, Gaillard and Lee25 predicted the charm mass

within the two generation GIM model.
AM| 0 ~ M2 Re (W1 )2~ m 26 (60)
As a rough upper bound, we note that higher generation contributions must not exceed

Am and so must not exceed the charm contribution.

While the €' parameter involves the imaginary parts of the quus

plaques(eq.55); the short distance contributions26 of K, — u* u~ contains information

about their real parts. An estimate of the modulus of the short distance amplitude
leads to:

|Re{ Z

q=uct,..

¥, M2 }ISIV, 2V, 55Gev@ (61)

Utilizing unitarity we may efiminate any one plaque; this yields for the four generation
case:

cd d Td
| m2Re{ “I,_ }+ m2Re{ “Il,, }+m2Re{ "I }|

S|V, 2 V4] 55Gev? (62).

B. B- B mixing

The large By-mixing observed by the ARGUS collaboration?”

(Amiy)y = 0.7 (63)



- 25.-

implies, in the case of three generations,28
my & 60 Gev. (64)

We review the reasoning as follows. To good approximation28'31

2
(Am/y)g = .8 By ¢

feg 2 Siq) { Vid
100 Mev S(my = 40 Gev)

Veb

where By is the "bag-constant” and fgy is the decay constant. From unitarity of the KM

matrix and the experimental data one obtains that

| Vig/ Vep 1 =9 (66)
The easiest way to reconcile the experimental Bg-mixing result, eq.63, is to choose a

larger top quark mass. This may not be obligatory given thecretical and experimental
uncertainties. However in the four generation case, unitarity conditions are much
relaxed. We know!1 from the B lifetime that

| Vp | =62 (67)
and from indirect unitarity bounds
| Vig | £0.17 (95% CL ), 0<|Vyy|<1. (68)

Assume, for the sake of an argument, that the top contribution is dominant

even in the four generation scenario. Then one can easily fit the large Bg-mixing with
small top quark masses (say 40 Gev ), by choosing | Vig | ~ | Vep | ~g2,

Furthermore, were it to happen that Bg- Es mixing is less than maximal, one

would then have to look outside the standard 3 generation model.30 One possible
explanation could be found with 4 generations.32
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C. Remarks & Speculations

consider

(d)

(@)

rge 4th neration mixing: An Examp!

To get a feel about the mixing magnitudes of a fourth generation

1 6 6 02 ]
6 1 62 ©
8 62 1 0
. 6296 8 1

|Vbig | ~

We list a few consequences:

my £ 30 Gev (K_-Kg mass difference)
m 5 34 Gev (KL= 1)
mg%100 Gev (D9 DO mixing)

mp~ 170 Gev  (Bg- By mixing)
Remarks:

In order that higher generation contributions not exceed the charm

contribution to the KL-KS mass difference, one must have

m26*z m26°

leading to m; < 30 Gev.

{b)

The K — p* 1~ analysis (eq. 62 ) leads to eq. 70b.

(69)

(70a)
(70b )
(70¢)

(70d )

(71)
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(c) In the two generation case33
Amg fo mp ms
= (=2 (—) (—)? (72)
Amy f M me
With the experimental D-lifetime and mg= 500 Mev one gets
(Amfy)p =103 (73)
Existence of an ultra heavy 4th generation B-quark leads to
Amp~ 02 mg? + mg? (Vg Vg )?] (74)
(Amm)p= 1073 [ 1+ 64 (mg/ m)2 ] (75)
From experiment34 (Amfy)y 1 0-1 hence eq. 70c.
(d) From Byg- Bg mixing, q.63, and analogous reasoning to (c) we obtain33 eq.
70d.
It appears that V., €9.69, is experimentally marginal.
IX. Conclusions

The main purpose of this note is the proposed parametrization of
the KM matrix. It is quite directly related to phenomenology, since the
parameters consist of moduli of matrix elements and plaquette phases
(defined in eq. 2); these are manifestly rephase-invariant. In the
three-generation case, the question of how to parametrize the KM matrix
is not too important. However if a generalization to a higher number of

generations turns out to be necessary, the problem is less trivial.
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If one does insist on a phase-dependent convention, we believe
that choosing diagonal elements and those next-to diagonal elements
which are above the diagonal to be real guarantees a simple relationship to
plaquette phases. However one suffers from increasing complexity in the

lower diagonal half. It may also be that experiment may dictate other

choices; if a given set of |V,,| are measured especially accurately, it

makes sense to include them in the set of independent parameters.
Likewise one might consider to use phases of those plaques directly
related to the observed CP violation. Qur basic point is to highlight the
importance of rephase-invariance of any future parametrization, because
only then is the physics manifest and not obscured by arbitrary phase

conventions.
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